ON SCHREIER SYSTEMS IN FREE GROUPS

BY
MARSHALL HALL, JR. AND TIBOR RADO

1. Introduction. )

1.1. Let § be the free group over the (free) generators Sy, - - -, Sj, - - -,
where the number of these generators is either finite or countably infinite. A
(finite or countably infinite) sequence of elements g1, - - -, gi, - - - of §, each
g: being assumed to be written in reduced form, will be termed a Schreier
system provided that the following conditions are satisfied (in the following
statements and throughout the paper, G will be used as a generic notation
for an element of the sequence g;).

(@) g1=1. :

(b) If G#1 and G=S3 - - - Sj7, where each e=+1 and G is written in
reduced form as agreed above, then each of the “beginning sections”

€ € €2 €1,€2 €r—1
Siy SiSim 003 SiSiy 0 Sipy

is also an element of the sequence g;.

-~ For example, if § is the free group over just two (free) generators which
we then denote by a, b instead of Si, S,, we have the following instances of
Schreier systems: ' T '

1, e, 4% 1,b,0%1,a,b;1,a,b, ab, ba; 1, a, a?, b, ba, bal.

While these particular Schreier systems are finite, it should be noted that a
general Schreier system, as defined above, may be countably infinite.

Let U be a subgroup of §, and let K;=U, Ky, - - -, K;, - - - be the (finite
or countably infinite) sequence of left cosets relative to U. Then Schreier (see
[1](?)) proved that it is always possible to select from each K; a “representa-
tive” g; such that the representatives gi, - - -, gi, - + - constitute what we
termed a Schreier system. Assuming that the representatives g; have been so
selected, let us denote, for any given element fE, by ¥(f) the representative
gs of the left coset K; that contains f. Let us use G as a generic notation for a
term of the sequence g;, S as a generic notation for a generator Sy, - - -,
S;, - ++,and U as a generic notation for an element of § that can be written
in the form :

U =GS[¥GS)].

Presented to the Society, September 3, 1947; received by the editors July 2, 1947, and, in
revised form, August 13, 1947.
(1) Numbers in brackets refer to the bibliography at the end of the paper.
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For certain choices of G and S we may have U=1. Let U;, Us, - - - be the
(finite or countably infinite) sequence of those elements U that are not -equal
to 1 (each Us#1 being listed just once). Then Schreier showed thatUs, Uy, - - -
generate U and are in fact free generators of U. In this manner, Schreier ob-
tained a first general proof of the theorem that every subgroup of a free group
is free.

1.2. Let us say that a Schreier system'gy, - - -, gi, - + - and a subgroup U
of § are associated with each other if each left coset relative to 11 contains
exactly one element of the sequence g;. According to the results of Schreier
outlined above, each subgroup U of § is associated with at least one Schreier
system. In this paper, we shall study the inverse problem: given a Schreier
system g1, - - -, g, * * +, is there always an associated subgroup U of ? We
shall find that the answer is in the affirmative if the given Schreier system is
finite. For the case of infinite Schreier systems, we are indebted to the referee
for comments that led us to recognize the need for some further restriction
to insure the existence of an associated subgroup. We shall give a simple con-
dition, to be termed the condition (C) (see 2.7), which is necessary and suffi-
cient for the existence of an associated subgroup. Furthermore, we shall de-
velop a definite process that yields all the subgroups that are associated with
a given Schreier system satisfying the condition (C). In the case of finite
Schreier systems, condition (C) is readily seen to hold automatically.

1.3. Let f be an element of §, and let f=S¢ - - - S be the reduced ex-
pression of f in terms of the generators S. Then the number » of factors is
termed the length I(f) of f, it being understood that for f=1 we put I(f) =0.
Let now U be a subgroup of § and let gy, - - -, g, - - + be an associated
Schreier system (see 1.2). For each 4, let K; be the left coset (relative to 11)
that contains g;. Then the Schreier system will be termed shortest relative to
U provided that for every 7 we have the inequality /(g:) <I(f) for every ele-
ment fE K. Schreier proved that for every subgroup U of § there exists a
shortest associated Schreier system. However, he did not make any further
use of this extremal property. We shall discuss in some detail the implications
of the extremal property just mentioned, and we shall obtain certain inter-
esting relationships to the work of Nielsen [2] which preceded the work of
Schreier but apparently did not attract the attention it deserves. In particu-
lar, we shall obtain a generalization of an important result of Nielsen concern-
ing free generators of minimal length, for subgroups Ul of §.

1.4. As a general reference we shall use Reidemeister [1] for all facts con-
cerning free groups that are used in the sequel without detailed justification.
However, for the convenience of the reader and also to maintain the conti-
nuity of the presentation, we shall discuss briefly certain simple facts and we
shall indicate proofs in some cases that may have occurred in previous litera-
ture.

2. Preliminaries.
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2.1. § will denote the free group over the free generators Sy, - - -,
Sj, + + -, whose number (finite or countably infinite) will be termed the rank
p(F) of F. As a generic notation for a generator Sy, - - -, S;, - - -, we shall
use the letter S. The Greek letters ¢, 5, ¢ will have the values +1 and will be
used as exponents. A word is then a (finite) expression of the form

i S

A word is reducible if there occurs in it at least one pair of adjacent factors
Se<S—<. The removal of such a pair and the inverse operation of inserting such
a pair will be termed elementary modifications. A word which is not reducible
is termed reduced. A formula of the form

1) S Sy=Sh--- Sk

will mean that the two words involved are identical (thatis, r=¢, ji=k,
ja=ky - -, e1=1n1,€=ns, + - - ). The symbol W, will denote the empty word.
In contradistinction with (1), a formula of the form

€1

(2) Siy -

- Sy =S Sk

will mean that the two words are expressions for the same element f of § (that

is, either word can be derived from the other one by a finite number of ele-
mentary modifications). If fi, - - -, fxare elements of §, then the expression

fi - - - fir will be said to be reduced as wriiten if on replacing each f;, i=1,
- - -, k, by its (univocally determined) reduced expression in terms of the
generators .S, we obtain a reduced word.

2.2. Given in §§ a Schreier system g1, -+ +, gi, - - - (see 1.1), we shall use
G as a generic notation for an element of the sequence gy, - - -, g;, + - -. It
will be understood that G is always written in reduced form, and that G—! de-
notes the formal inverse of G. Thus G~! is also in reduced form. H will be a
generic notation for an element of § that can be written in the form GS¢,
€= *+1. For example, in the free group over two free generators a, b we have
the Schreier system 1, a, ab, and a itself is then an H since a=1-a=(ab)b™'.
This example shows also that an element H may admit of several representa-
tions of the form GSe.

2.3. Given in § a Schreier system gy, - - +, gj, * * +, a function ¢(H), de-
fined for every element HEF (see 2.2), will be termed admissible with re-
spect to the given Schreier system if the following conditions hold.

(a) For every HEF, ¢(H) is equal to a G.

(b) If H is equal to some G, say H=g;, then ¢(H) =g..

(c) For every choice of G, S, € we have ¢[¢(GS9)S—<]=G.

We noted above that an element H may admit of several representations of
the form GS¢. However, our notation ¢(H) is meant to imply that ¢(H) de-
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pends only upon H itself and not upon the particular choice of the representa-
tion GSe.

Given a Schreier system and an admissible function ¢(H), the letter V will
be used as a generic notation for an element of § that can be written in the
form

(1) V = GS[6(GS9) ]

In connection with the expression on the right in (1), we make the following
agreement. Since ¢(GS*) is equal to some g; (see (a) above), we agree that
&(GSe) is always written in reduced form, and that [¢(GS*) ]! is always writ-
ten as the formal inverse of ¢(GS¢).

The case where e=4-1in (1) is of importance. We shall use U as a generic
notation for an element of § that can be written in the form

(2) U = GS[¢@GS) ]

Thus a U is merely a special V, and the conventions agreed upon for V apply
to U.

Let us note that there is no a priori assumption made that a 7 can be
written in the form (1) in a unique manner. This point will be studied later on.

2.4. To illustrate and to motivate the preceding definitions, let us con-
sider a subgroup U of § and an associated Schreier system g, - - -, gi, - - -
(see 1.2). If fi, f; are two elements of §, and if fi, fz are in the same left coset
relative to I, then we shall write fi~f: (mod 1), or simply fi~f; if there is no
danger of ambiguity. For each element f of §, we have then a unique G such
that f~G. The symbol ¥(f) will then denote this unique G. Thus an equation
of the form ¥(f) =G is equivalent to the relation f~G. Clearly, the function
¥(f) is univocally determined by the subgroup Il and the associated Schreier
system gy, - - -, g + - - . The following statements hold.

(a) ¥(f) is always equal to some G. This is a direct consequence of the
definition.

(b) ¥(G) =G, also as an obvious consequence of the definition.

(c) ¥[¥(GS9)S—]=G. Indeed, by definition, ¥(GS)~GS¢ and hence
Y (GS4)S—¢~G. Thus the asserted relation is obvious.

Now let us put ¢(H) =V¥(H). In view of the preceding remarks, this ¢(H)
is admissible for the given Schreier system, in the sense of 2.3.

2.5. ConTINUATION. The particular ¢(H) just considered will be said to be
associated with the subgroup U1 and the Schreier system gy, - - -, g;, - - -. In
this manner, we see that if we have a subgroup Ul and an associated Schreier
system gy, - - -, g;, - - -, then the associated function ¢ (H) is admissible for
the Schreier system gy, - - -, g, - - -.

2.6. In view of the preceding situation there arise the following problems.

(a) Given a Schreier system g, « - -, g;, - - -, determine all subgroups 1l
that are associated with it.
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(b) Given a Schreier system gy, * - -, gi, - - +, determine all admissible
functions ¢(H).

(c) Given a Schreier system g1, « + -, g4, * * +, and an admissible function
¢(H), determine all subgroups Ul such that ¢(H) is associated with I and the
given Schreier system, in the sense of 2.5.

2.7. In dealing with the preceding issues, we shall use a certain condition,
termed condition (C), that we shall state presently. Given a Schreier system
g, - -,8 " ,let us consider for each generator S; of § the sequences

ngiv g2Siv s rgiSiv M)
g7, goS7t - v, giSTY -

Let us denote by I; the class of those subscripts 7 for which the product g;S;
is equal to some G. Thus &I} if and only if there exists a subscript & such
that g;S;=gx. Similarly, we denote by I; the class of those subscripts 7 for
which the product g:S;! is equal to some G. Let N;, M+ be the number (pos-
sibly infinite) of the subscripts 7 satisfying the relations ¢E I}, ¢ I respec-
tively. Similarly, let Nj, M, be the number of those subscripts ¢ that satisfy
the relations ¢+E I, 1€ I; respectively. Finally, let N be the number (pos-
sibly infinite) of the elements of the given Schreier system gy, - -, g, - - - .
Clearly

(1) N+ Mit=N =Ny + M7,

) N = Nry.

Hence we have also

3) M= M7 “if N < 4 o,

On the other hand, simple examples show that the relation Mj*=M; may
fail to hold if N= 4 « (example: choose § as the free cyclic group with gen-
erator .S, and consider the Schreier system 1, S, S, - - -, .S, - - - ). We state
now the following definition. ‘ ‘

Condition (C). A Schreier system gy, - - -, g;, + + * is said to satisfy condi-
tion (C) if and only if M} = Mj for every generator S; of §.

According to (3), every finite Schreier system satisfies the condition (C).

2.8. Suppose now that for a given Schreier system gy, - + -, gi, * - - there
exists an admissible function ¢(H), in the sense of 2.3. We assert that the
Schreier-system satisfies the condition (C). In other words, condition (C) is
necessary for the existence of an admissible function ¢(H) (the sufficiency of
the condition will be established in §4). - o

Proof. To show that M;} = M5 (see 2.7), we first-establish the inequality

¢)) - Mi = My
If M} =0, then (1) is obvious. So we assume that M;}>0. Let m be any in-
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teger such that
(2) ' 0<m=Mj

If M <+ o, then we can choose m = M}, but the following argument is de-
signed to cover the case Mj = 4 « also. By the definition of M}, (2) implies

the existence of distinct subscripts 4y, « « «, 4, such that (see 2.7)

3) g1 r=1,--,m
Let us put (cf. 2.3) _

4 ¢(8:,Si) = gk, r=1,---,m
We assert that (see 2.7)

o) k. E I, r=1,--+,m.

Indeed, suppose that for example k,EI;. Then g,S;! is equal to some G,
say gmS; '=g: By 2.3 (b) we have then -

é(grST ) = gt
By 2.3 (c) it follows that (cf. (4))

g = ¢[6(guS)ST] = gy

Hence g;, =g1Si™, £24,Si=gk, and hence 7 &I;* in contradiction with (3).
Thus (5) is verified. Since ky, - - -, ka are clearly distinct integers, it fol-
lows that M; <m. Since this holds for every m satisfying (2), the inequality
(1) follows. The complementary inequality M; <M} is established in a
similar manner.

2.9. Suppose now that for a given Schreier system gy, « - -, gi, + - - there
exists an associated subgroup U in the sense of 1.2. We assert that the Schreier
system satisfies then the condition (C) of 2.7. In other words, condition (C)
is necessary for the existence of an associated subgroup (the sufficiency of
the condition will be established in 5.9).

Proof. By 2.4 the existence of an associated subgroup implies the existence
of an admissible function ¢(H), which in turn implies condition (C) by 2.8.

3. Properties of the admissible function ¢( H). -

3.1. Letgy, -+, g, - bea Schreier system in §, and let ¢(H) be an
admissible function in the sense of 2.3 (the existence of such a function will be
discussed later on). To simplify our statements, we introduce three matrices
to be termed the GS* matrix, the ¢(GS¢) matrix, and the GS¢[¢(GS*) ]!
matrix respectively. The columns of the GS* matrix (see figure) are headed by
S1, 871, Ss, S5Y, - - - . The general column will be referred to as the S¢ column.
The rows are headed by gi=1, gs, - - -, gs, * » - . The general row will be
termed the G row. At the intersection of the 1,th row and the jth column we
have the element /;; defined by the agreement: :
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) {g,sk i j=2k—1,
T gSit if = 2%,

where k=1, 2, - - - . Thus the general element of this matrix is of the form
GS¢, where

Se
S1 St Sa St
G
81 I lis s lis
82 In 29 las I
g3 I U3s l3s las

G heads the row and S¢ heads the column which intersect in the element con-
sidered. Hence each I;;is an H (see 2.2), and hence ¢(J;;) is meaningful. The
general element A;; of the matrix ¢(GS¢) is now defined as N\ij=¢(/;;). Thus
each \;j is of the form ¢(GS¢). Hence each \;; is a G (see 2.3). Finally, we
define the general element A;; of the matrix GS¢[¢(GS®) |- by the formula
Ai=L\5". Thus each A;; is of the form GS¢[¢(GS) [-*. Hence each A;; is a
V (see 2.3). In writing the elements of these three matrices, we agree to ob-
serve the conventions made in 2.2, 2.3.

3.2. If a certain l;; is a G, say l;; =gk, then N\;;=gi. This is a direct conse-
quence of the property 2.3 (b). Furthermore, we assert that each column of
the ¢(G.S¢) matrix is a permutation (rearrangement) of the given Schreier sys-
temg, * - -, g, - - -. We make the proof in two steps.

(a) Consider in the ¢(GS¢) matrix the column headed by S¢, and suppose
that ¢(g:S¢) =¢(grS¢) for a certain pair of integers ¢5k. Then ¢(g;S¢)S—
=¢(grS9) S, and hence by the property 2.3 (c) it follows that

g = ¢[6(g:S)5] = ¢[(gu5)S~¢] = gs,

and this is a contradiction since g; #gx for 252 k. Thus no G occurs twice in the
column headed by Se.

(b) We have to show yet that each G actually occurs in the column
headed by Se. So let us take a G=g;. Then ¢(g:S~¢) is equal to some G again,
say ¢(g:S—¢) =gi. Then by the property 2.3 (c) we have :
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¢(guS9) = ¢[d(g:S~9)S] = ..

Thus g; occurs in the column headed by S¢, namely at the intersection with
the row headed by gx.

3.3. In the $(GS¢) matrix, the column headed by S;* can be derived from
the column headed by S; as follows. Consider the element ¢(g:S;?') at the
intersection of the column headed by S;! with the row headed by g;. Now in
the column headed by S; this g; occurs exactly once (see 3.2), say in the row
headed by gx. Then ¢(grS;) =g:, and hence by the property 2.3 (c) it follows
that

o(g:STY) = [0 (@S)ST] = g

3.4. We go on to consider the matrix A;. As noted in 3.1, each A;jisa V.
Consider any

V = GS<[¢(GS%) ]

We assert that V=1 if and only if GS* is equal to some g;. Indeed, if V=1,
then GS¢=¢(GS¢) =some g; by the property 2.3 (a). Suppose, conversely, that
GS¢<=g;. By the property 2.3 (b) we have then ¢(GS¢) =g;=GS*, and hence
V=1.

3.5. If GS*is reducible as written (see 2.1), then GS*=some g;.

Proof. Since G itself is in reduced form, the reduction in GS* takes place
between G and S¢. Thus surely G#1, and since G is an element of a Schreier
system, it follows that G is of the form G=g;S~ (cf. 1.1). Hence GS¢=g..

3.6. If S¢[¢(GS%) ]! is reducible as written, then ¢(GS¢)S—*=some g..

Proof. The assumption implies that ¢(GS¢) S~ is also reducible as writ-
ten. But ¢(GS¢) =some g, and hence from 3.5 it follows that ¢(GS¢)S—*
=some g;.

3.7. If V=GS[¢(GS*) ]!, then on setting ¢(GS*) =G* (see 2.3 (a)), we
have the formula

V-1 = G*S—<[¢(G*S—9) ]

In other words, the inverse of a Vis also a V (cf. 2.3).
Proof. By 2.3 (c) we have

6(G*S~) = ¢[$(GS)S~] =G,

and the assertion follows.

3.8. If 12V =GS[¢(GS*) ]!, then V is reduced as written (see 2.1).

Proof. Since G and [¢(GS*) ]! are written in reduced form, it is sufficient
to show that GS¢ and S¢{¢(GS?) ]! are reduced as written.

(a) Assume that GS¢ is reducible as written. Then GS¢=some g; by 3.5,
and hence by 3.4 we should have V=1, a contradiction.

(b) Assume that S¢[¢(GS*) ]! is reducible as written. On setting ¢(G.S*)
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=G*, we have then by 3.7
V-1 = G*S—e[¢(G*S—e) ]—1_

By 3.6, $(GS¢)S—¢=G*S—¢=some g;. Applying 3.4 to V-1 (cf 3.7), it follows
that V-'=1 and hence V=1, a contradiction.

3.9. We are now in a position to verify a fundamental property of the
matrix GS*[¢(GS) ]~ Given

€ €. 1—1 € ez, 1—1
Vi=g:SileeS)] ) Vi=g.Sale@Sin)] ,
suppose that 15 V;="V, Then we assert that 4;=1,, ji=4, e1=e€. In other
words, a V1 can be written in the form GS*[¢(GS) |-! in just one way.

Proof. By 3.8 we know that V; and V; are reduced as written. Hence the
assumption V=V, implies that
) 8:Silo(es] = guSilsSDT
where the symbol “=" means that the two sides of (1) are identical words in
terms of the generators S (cf. 2.2, 2.3).

Case 1. g, gi, are of the same length (as reduced words). Then (1) implies
that gi,=gi;, Sj'=2S;}, and hence 7,=1,, ji =7, e1=¢.

Case 2. g, g;, are of different lengths, say g;, is longer than g;,. Then (1)
implies that g;,Sj! is identical with a beginning section of g;, (which may
coincide with g;, itself). Thus (see 1.1) g, S}! is equal to some G, and hence
by 3.4 it follows that V;=1, a contradiction. Thus Case 2 cannot arise, and the
proof is complete.

-3.10. In view of the preceding result, for each V1 we have a unique
expression of the form GS¢[¢(GS¢) -1, and thus in particular the factor S¢ is
univocally determined by V if V1. This univocally determined factor will
be termed the significant factor of V1. By 3.7 we have then the statement:

If S¢is the significant factor of V1, then the significant factor of V-!
is S~

3.11. Suppose that Vi#1, Vo1, VoV . Then V;, V. have by 3.9
unique expressions of the form :

€ €, 1—1 € € -1
Vi=g:Sulo(eaS)] s Ve = gS516(g:,S5)]
Let us consider the expression
€ € -1 € € —1

(1) 2653 [6(2:S)] 8,55 [0S )]

Since V3, V:are both reduced as written by 3.8, the expression (1) is either re-
duced as written or else the reduction spreads from between [¢(g::S3) |-! and
gi,- Assuming that (1) is not reduced as written, we assert that the significant
factors Sj!, Si2 of V1, V cannot be reached by the possible reductions. Let us

deny this assertion.
Case 1. ¢(giS;!) and gi, are of the same length (written in reduced form
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as agreed in 2.2, 2.3). Then the reductlons reach S}, Si simultaneously, and
it follows that

g, = $(gS),  Sh=Si
By 2.3 (¢) it follows that _
(2S5 = #lo(e:SSh] = ¢lo(es STS3"] = g,
and consequently V;=V;?, a contradiction.
Case 2. g, is longer than ¢(g;S7) (in using the reduced forms). Then
the reduction reaches Sj! first, and thus ¢(g,S;})S; * is equal to a beginning

section of g;, (which may coincide with g;, itself). Thus ¢(g;S;)S; ® is equal
to some G, say g, and from 2.3 (c), 2.3 (b) it follows that
8k = ¢[¢(g'1S:i) Silel] = &y
Consequently
#(&:S)S7 = gin
and hence V;=1, a contradiction.

Case 3. ¢(g:,S;) is longer than g, (in using the reduced form). Then the
reduction reaches Sj? first, and thus g;,S;? is equal to a beginning section of
¢(giS). This latter quantity being a G, 1t follows that g;,S; is also a G, and
hence by 3.4 it follows that V,=1, a contradiction.

3.12. Now consider a product ViV, - .- Vi such that V%1, 1=1,

, k,and V;=V3Y, j=1,- -, k—1 (but we do not exclude the case
where V;=V; for 1#j). We assert that V1V, - - - Vi1,

Proof. Let each V; be written in the form GS¢[¢(GS¢)]-1. From 3.8, 3.11
we infer that if reductions are possible at all in the product ViV, - - - V4,
then the reductions spread from between adjacent factors 7 and never reach
the significant factors. Thus on completing all possible reductions, we obtain
a nonempty reduced word, and hence V Ve - - - Vi#1.

3.13. Now let Uy, U,, - - - be the (finite or countably infinite) sequence
of the elements U1 (see 2.3). It is understood that each U1 is listed just
once. In other words, U;=U; if and only if 2=j. We assert that an equation
of the form U= Ug holds if and only if 41=12, & =e€;. Indeed, let Sy, Sk, be
the signiﬁcant factors of U, U, In view of 3.10, the significant factors of
Ug, Ug are 3, Sg respectively. By 3.10 it follows that Se=S5g, and hence
k1—kz, a=¢. It follows that U= Ug and hence U; = Us,. Thus 13 =1, and
the proof is complete.

3.14. Now consider any product U - - - U, such that for no k=1, 2,
-+, r—1 do the relations 7y =7%xy1, €= — €x41 hold simultaneously. We as-
sert that

Ui+ Uil # 1.
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Let us deny this assertion. Put Ug="Vy, k=1, ---, r (cf. 3.7, 2.3). We
would have then the relation V; - - - V,=1. By 3.12 it follows that V;= V}}
for at least one integer j=1, - - -, r—1. In other words, we would have a
relation

vl = v
By 3.13 it follows that ¢;=1;,1, €;= — €;41, in contradiction with our assump-
tions.

3.15. Now let us denote by U the subgroup of § generated by the ele-
ments U, U,, - - - (that is, Ul is the smallest subgroup of § that contains
Ui, Uy, - - - ). This subgroup Ul is univocally determined by the given Schreier
system {G} =(g, ***, &, -+ ) and by the admissible function ¢(H), and
will be denoted by U[{G}, ¢(H)]. Let us note that the Schreier system
g, -, g - - by itself does not determine a subgroup U, since the gener-
ators Uy, Us, - - - depend upon the choice of an admissible function ¢(H).
In a subsequent chapter, we shall consider this point in more detail. For the
moment, we merely note that the result in 3.14 means that Uy, Us, - - - are
free generators of U[{G}, ¢(H)]. In other words, the subgroup Ul generated
by a Schreier system and an admissible function ¢(H) is always a free group,
and the rank p(11) (see 2.1) is equal to the number of the elements U>1. §5
is devoted to a more detailed study of the group Il generated in this manner.

4. Existence of admissible functions ¢( H).

4.1. Let there be given in § a Schreier system gq, - - -, gi, * - - that satis-
fies condition (C) (see 2.7). We proceed to show the existence of at least one
admissible function ¢(H), and as a matter of fact we propose to determine
all functions ¢(H) that are admissible for the given Schreier system. In view
of 3.1, we have to define a matrix ¢(GS*) such that the properties (a), (b),
(c) stated in 2.3 hold. We first give the explicit definition of the matrix

Se
S Sit S, Sit

81

82

83
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#(GS*), by giving explicit instructions for writing the element at the inter-
section of the column headed by S¢ with the row headed by G=g.

Step 1. Take the column headed by S;*. Consider the intersection of this
column with the row headed by a G=g,. If GS;=some gi, then we write this
gr at the intersection considered. In other words, we define then ¢(GS;) =gs.
Let 4, & be two different subscripts such that g:S}* is equal to some G=g,
and g,S7! is equal to some G=g,. We assert that gi>g.. Otherwise, we would
have g;S;=g.S; and hence g; =g, a contradiction. Thus no two cells that were
filled according to the preceding instruction contain the same G. After the
above instruction has been followed for filling all those cells of the column
S7! to which it is applicable, the remaining blank cells of this column are
filled by the remaining elements G subject only to the restriction that the
column S;}! should contain a permutation of the given Schreier system
g, -, g, . To show that this is indeed possible, we have to satisfy
ourselves that the number of unexpended elements G is equal to the number
of the blank cells in the column Sj* (these numbers may be infinite or zero).
Now if a certain G=g; has not been used in the compulsory part of the
process, then this is because for no subscript k did we have the relation
grS;=g; or alternatively g:S;'=g;. In other words, the number of unex-
pended elements G is equal to the number M; defined in 2.7. Next, if the cell
at the intersection of the column S;! with the row headed by a certain g; is
blank yet after the compulsory part of our process, then this is because g;S;
is not equal to any G. Thus the number of blank cells is equal to the number
M} defined in 2.7. Hence the number of unexpended elements G is equal to
the number of blank cells by virtue of condition (C) (see 2.7). Let us also note
that our process for completing the column Sj! is as general as possible in view
of the remarks in 3.2.

Step 2. After all columns headed by elements ;! have been completed,
and hence ¢(GS¢) has been defined for e=-+1, we consider a column S;'.
Take the intersection of this column with the row headed by g;. Since the
column headed by S;! contains a permutation of the given Schreier system,
we have precisely one g such that ¢(g:S;") =g:;. We put then ¢(g:S;") =gs.
In this manner, the columns headed by elements of the form S;! are also
completed. In view of 3.3, it is clear that step 2 is altogether compulsory if
our matrix ¢(GS¢) is to have the desired properties.

4.2. Proceeding now to the verification of the properties (a), (b), (c) stated
in 2.3, a first important point is whether the function ¢(H) we just defined
depends only upon H and not upon the particular representation of H in the
form GS*. To establish this point we have to show that whenever g;S;=g.57,
" we have also ¢(g:S) =¢(gxS?) according to our process of construction.

Case 1. g;S;, guSy are reduced as written. Then the assumption g;S;=g.S7
implies that .S;=.S7,g;=gx, and hence r =¢, e=17, 7 =Fk. Hence ¢(g:5;) = ¢(g&S7),
since our instructions yielded a definite element for each cell of the matrix.
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Case 2. One at least of g;Sf, g:S7 is reducible as written, say g;St. Since
g: itself is in reduced form, and since we are dealing with a Schreier system,
g: must be of the form g;=g.S; . Thus

gm = g:Ss = GiSt.

By the definition of the matrix, we have therefore ¢(g:S?) = gm =6 (g:S0).

4.3. The property 2.3 (a) obviously holds. To verify property 2.3 (b), let
us assume that g,S; =g;.

Case 1. e=+1. Then step 1 in 4.1 applies, and ¢(g:S;}") = gx.

Case 2. e=—1. Then we are in the case considered in step 2 in 4.1. From
2:57 =g, guS;=g; it follows, by Case 1, that ¢(gS;) =gi, and hence ¢(g:S;")
=g; by the rule stated in step 2 in 4.1.

4.4. To verify the property 2.3 (c), let us consider ¢ [¢(GS¢)S—<].

Case 1. e=+1. Let ¢(GS) =G* (see 4.3). By step 2 in 4.1 we have then
¢(G*S™1) =G, and in view of 4.2 it follows that

¢[6(GS)S1] = ¢(G*S™Y) =G.

Case 2. e= —1. Put now ¢(GS—1) =G*. In view of step 2, 4.1, this means
that ¢(G*S) =G. Hence, in view of 4.2 it follows that

¢[6(GS)S] = ¢(G*S) =G.

4.5. Thus our matrix actually defines an admissible function ¢ (H) for the
given Schreier system. Beyond the mere existence of an admissible function
¢(H), it is important to repeat the remark already made that our construc-
tion uses maximum freedom subject to the necessary conditions implied by
the properties of admissible functions established in 3.2, 3.3. In other words,
our construction yields all admissible functions for a given Schreier system. In
view of 2.8 it follows that the condition (C) of 2.7 is necessary and sufficient
for the existence of an admissible function ¢(H). ‘

5. Study of the group U[{G}, ¢(H)].

5.1. Given a Schreier system gy, - - -, g, + * + and an admissible function
¢(H), let U be the corresponding group U[{G}, ¢(H)] (see 3.15). Consider,
in the group § (see 2.1), a word S3! - - - Sir. To this word we apply a process,
to be termed the W-process (see Reidemeister [1]), defined in the following
manner. We write successively (cf. 2.1)

Wo=1, W1=¢(WeSi), Wa=¢(W:S5), -, W, = ¢(W,_15%).

The last term W, is the result of the W-process. Let us now consider the
word

€k € € Ck+L [
Si,v

(1) Sit -+ SaS'S Sin - -
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obtained by an elementary modification of the given word. For clarity, let us
use W¢*, Wi¥, - - - to denote the terms W that arise in applying the W-
process to the modified word (1). Then clearly

Wo= W Wi=Wy,---, Wi= Wy,

and hence

Wk+1 (WS, .
Wiis = ¢(Wisa$S~) = ¢[¢(W;,S‘)S—‘] = Wk,
by property 2.3 (c). Therefore we infer that

....................

Wea = ¢(WraSiy) = ¢(W,_iSi)) = W,

It is thus established that an elementary modification of a word does not
change the result of the W-process. Repeated application of this remark
yields the insight that if two words are expressions for the same element of §,
then the W-process yields the same result for both words. As a consequence,
we can define in § a function ®(f) as follows: if f=383 - - - 77, then ®(f) is
equal to the result of the W-process applied to the word Sg - - - Si. By the
preceding remarks, this definition is legitimate since the result is independent
of the particular expression chosen for f.

Thus ®(f) is always a value of ¢(H), and hence ®(f) is always a G (see
2.3). Let us note, in particular, that (1) =1. Indeed, if the W-process is ap-
plied to the empty word, then the result is Wo=1.

5.2. Let us write fi~/f2 to state that the elements fi, f2 of § are in the same
left coset relative to the given subgroup U (see 5.1). We assert that f~®(f) for
every fES.

Proof. Let f=3S¢ - - - S". Applying the W-process, we get

Wo=1, Wi= ¢(WeSa), - - -, Wr = ¢(W,1S:)) = &(f).
Consider now the product
b= WoSEWT - WiSaWs -+ WoaSiW, .
Since each W;, j=0, 1, - . , 7, is a G, it follows that
. W,-lS‘JW, = W1_15,1[¢(W.,_1S )]-1 ’
is equal to some U% (see 2.3, 3.7). Hence pE1. On the other hand, clearly
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p=fW,, f=pW,=pa(f).

Since pEU, this shows that f~®(f).
5.3. For each element G of the given Schreier system, we have ®(G) =G.
Proof. Let G=S¢ - - - S, in reduced form. Recall that each beginning
section of G is then again a G. Hence, in view of the property 2.3 (b), the W-
process yields successively

€2

Wo=1, Wi=S; Wy=S50Se, -, W, =815 =G.
COROLLARY. ®[®(f) | =®(f). Indeed, ®(f) is equal to some G.
5.4. For any two elements fi, f» of §, we have
®(fifs) = ®[2(f)fe].
Proof. Let

fi=Ste--Si, @(f) = Si' - Sk fo=Sit- - Sh.

In calculating ®(f1f2), let the W-process yield successively Wo, Wy, - -+, Wiy,
and let us denote by W¢*, Wi, - - -, Wn,, the W’s obtained in applying
the W-process to ®(f1)fe. In view of 5.3 we have then W,*=&(f), and clearly
W,=®(f1). Hence

Wit = ¢(WnSy) = ¢(W.ST) = Wop,

and similarly Wk, o=Wiis, « - -, Waye=Weis
5.5. ®(U9) =1 (cf. 2.3).
In view of 3.7, U can be written in the form

Ue =GS*[¢GS9) ]

Let 7 be the length of G in reduced form. In view of 5.3 the W-process yields
then

W.=G, W= o(W,S) = &GS9).
Hence, by 5.4, we have
(U = 2[2(GS)[6(GSI)]*] = 2[¢(GS)[¢(GS9)]7] = @(1) = 1.

5.6. If €, then ®(») =1. .
Proof. By the definition of U, we have for 4 a formula of the type

€ [
u = U;l"' Ui,.

If =1, then ®&(u) =1 by 5.5. Proceeding by induction, we can thus assume
that R
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€p—1.

Q(U:: U’r—l)
By 5.4, 5.5 it follows that

o(u) = B[S - - - Ui DUL] = ®(UL) =

5.7. If ¢#j, then g; and g; are in different left cosets relative to U.
Proof. Suppose that g;=ug;, #EU. By 5.3, 5.4, 5.6 we have then

g = ®(g:) = (ug;) = [®(w)g;] = 2(g5) = ¢

a contradiction.

5.8. B(GSe) =¢(GS").

Proof. This fact has been established in the course of the proof in 5.5.

5.9. The preceding results may be summarized as follows. Each left coset
relative to the subgroup U=U[{G}, ¢(H)] contains exactly one element of
the given Schreier system gy, - - -, g;, - - - (see 5.7, 5.2, 5.1). Thus U and
the given Schreier system are associated in the sense of 1.2. If from each left
coset we select as a representative the unique G that lies in it, then 5.2 means
that ®(f) is simply the representative of the left coset that contains f (cf. 5.1).
In view of 5.6, U itself as a left coset has the representative 1 =g;. Thus fEU
if and only if ®(f) =1. In particular, it follows that ®(f) coincides with the
Y(f) defined in 2.4. Hence 5.8 means that our ¢(H) is associated with the
subgroup U=U[{G}, ¢(H)] in the sense of 2.5.

6. Generality of the subgroup U[{G}, ¢(H)].

6.1. Given in § a Schreier system gy, - - -, g;, - - - that satisfies the con-
dition (C) (see 2.7), we already noted (see 4.5) that the construction de-
scribed in 4.1 yields the most general function ¢(H) admissible for the given
Schreier system. Once an admissible function ¢(H) has been selected, the
subgroup 11=11[{G}, ¢(H)] is univocally determined by means of the (free)
generators U, Uy, - - - (see 3.15). We propose to verify that we obtain
every subgroup of § in the form U=U[{G}, #(H)] if we use the freedom al-
lowed by our construction. To establish this fact, let 1* be any subgroup of
&- From each left coset relative to U*, we select a representative in such a
manner that these representatives g, - - -, g, - - - form a Schreier system
(see 1.1). We shall write

fi~ fa(mod U*)

to state that the elements fi, f of § are in the same left coset relative to U*.
Thus for every fE§ there exists a unique subscript ¢ such that

f~ gi(mod U*).

This unique g; will be denoted by ¥*(f). Using again G, S, H as generic nota-
tions in the sense of 2.2, we define
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(1) o(H) = ¥*(H).

According to 2.4, ¢(H) is then admissible for the Schreier system g, -
gi, + + +, and hence we have a corresponding group U[{G}, ¢(H)] (see 3. 15)
We propose to show that

) u* = u[{c}, ().

Proof. Let us write I for U[{ G}, ¢(H) ]. Using the symbol ®(f) in the sense
of 5.1, we know by 5.9 that fE€U if and only if ®(f) =1. On the other hand,
since g1 =1, we have fEU* if and only if ¥*(f) =1. Thus (2) is established if
we can show that

©)] ®(f) = ¥*(f)
for every fEF. Now (3) is obvious if f=1. So we can assume that f#1. Let
then
@ f=Si---55
be any element of §, written in reduced form. We shall use induction with
respect to the length 7 of f

Step 1. »=1. Then f=S}}, and by 5.1 we have &(f) = qS(l S7). In view of
(1) it follows that ®(f) =¥*(f).

Step 2. Assume now that (3) has been established for elements whose

length does not exceed »—1. Applying the W-process (see 5.1) to the f given
by (4), we obtain in view of (1):

‘r—l er—l

(5) W= Q(S;: tt Jr—-l) = ‘I'*(Sh o 7r—l)7
©) o(f) = W, = (W,1S5)) = V*(W,1S7).

Now.by the definition of ¥* the relation (5) implies the existence of an ele-
ment #*&U* such that

W1 = u*S5 - - - Si0,
and hence we have
WSy, = w¥f,  W.aSj, ~ fmod U¥).
Consequently (cf. (1))
TH(f) = UHWaS5) = d(W,aST) = W, = &(f),

and (3) is proved. ‘
" 6.2. According to our results, for every Schreier system g1, - - -, gi, * * -
that satisfies the condition (C) of 2.7 we have at least one associated sub-
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group U. There arises the question. whether we always have an tnvariant
subgroup associated with such a Schreier system. The answer is in the nega-
tive. As an example, let us take § as the free group over the (free) generators
a, b, and let us consider the Schreier system

) 1, a, b, ab, ba.

Let ¢(H) be any function admissible for the system (1), and let U be the cor-
responding group u[{G}, ¢(H)]. We assert that 1l is nhot an invariant sub-
group of §. Indeed, let us assume that U is invariant, and let us denote by
& the factor group F/U. Then we have a homomorphism T(§) =® such that

(2) f € W if and only if T(f) =

Since the Schreier system (1) contains five elements, it follows by 5.9 that the
index of U is equal to five, and hence @ is the cyclic group of order five. Thus
® is commutative. Hence on setting '

T(d) = «, T(b) =B,
we have the relations
T(aba='b~1) = T(a)T})T(a) T (b)) = afa g1 = 1,

and consequently, by (2), aba—'b~1€U. It follows that ab and ba are in the
same left coset relative to 11, in contradiction with the fact (see 5.9) that no
two elements of a Schreier system {G} are in the same left coset relative to
the subgroup U=U[{G}, ¢(H)]. Let us recall that every finite Schreier sys-
tem satisfies the condition (C) (see 2.7), and hence our example is valid.

7. Shortest Schreier systems.

7.1. From this point on we assume that the given free group § has finite rank:
p(F) =n<—+ . Accordingly, § is given by a set of n free generators S;, S;,

, Sn. Part of the following discussion would apply equally well in the
case p(§) = «, but to achieve uniformity of presentation we prefer to assume
throughout thdt the rank of § is finite.

7.2. Let U be a subgroup of §. By 6.1 we can obtain Il in the form U
=U[{G}, ¢(H)], where ¢(H)=¥(H) (see 1.1, 2.2). We propose to derive
criteria for the Schreier system {G} =(g1, - - -, &g - - ) to be shortest relative
to U (see 1.3). : : :

7.3. Obviously, {G} is shortest relative to U if and only if I[¥(f)] I(f)
for every fEF (see 1.3, 1.1). Thus the condition

(1) o(H)] < I(H) for every H

is surely a necessary condition for {G} to be shortest relative to 11, since
¢(H) =V (H). We assert that (1) is also suﬁiaent

Proof. Suppose that (1) holds. Let f= - S be any element of § in
reduced form. Applying to f the W-process (see 5. 1), we obtain (cf. 5.9) -
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Wo=1, W= ¢(WoSs), We = ¢(W1S3), - - - , W, = ¢(W,sSt]) = &(f) = ¥(f).

Let us write J;=I(W,), i=0, 1, - - -, r. Then ly=1(W,) =0, and for j >1 we
have by (1):

= 1[¢(WiaSi)] S UW;aST) S UWia) + 1 = Lia + 1.

Her;ce we obtain successively h=l+1=1, I,<2, 3<3,:--, I,=r. Since
L=I[Y(f)], r=I(f), the proof is complete.

7.4. Given 11=11[{G} ,¢(H)] asin 7.2, let us consider one of the elements
(see 2.3)

1) 1%V =GS[¢GS9) ]
Then by 3.8, V is reduced as written, and hence
(2) V) =16) + 1[¢GS9)] + 1.

We shall say that the significant factor S¢ of V (see 3.10) is centered in V if
one of the following two conditions holds: (i) /( V) =2k+1 and the significant
factor is in the position k41, or else (ii) (V) =2k and the significant factor is
in the position k or k1.

Using this terminology, we assert that the Schreier system {G} is shortest
foru=u| {G} , #(H) ] if and only if the significant factor is centered in every
element V1.

Proof. Necessity. Suppose { G} is shortest for 11, and take any V asin (1).
Put G;=¢(GS®). Then (see 2.3)

3) (G5~ = ¢[¢(GS)S—¢] =G.

Also, V is reduced as written by 3.8. Hence if we put A=I/(G), M =I(G,), we
have (since {G} is shortest by assumption)

M= 1G) = 1[6(GS)] S UGSY) =N +1,
A = UG) = U[$(G:S)] S UGS~ = M+ 1.
Consequently
4) IN=n] =1
From (2) and (4) we infer that I(V) =A+A;+1 and hence
2 if Mi=N—-1,
©) ) = {2)\ +1 if A=A,
N+2 if M=A4+1.

Furthermore, the significant factor is in the position A4-1, and hence it is
centered in view of (5).
Sufficiency. Let us now suppose that the significant factor is centered in
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every V1. To prove that {G} is shortest, we have to verify the condition
(1) in 7.1. So let us take any product GSe. We proceed to show that

(6) s(GS)] = UGSY.

If GS* is equal to some g;, then ¢(GS¢) =g;=GS* and (6) is obvious. Other-
wise, the expression

V = GS[$(GS9

is not equal to 1 by 3.4 and is reduced as written by 3.8. By assumption, the
significant factor S¢is centered in V.
Case 1. I(V)=2k+1. Then S¢ must be in the position 2+1, and thus

IG) = 1[¢GS9)] = &.
Since V is reduced as written, it follows that
IGS) =1G)+1=Fk+1>1[eGSY],

and thus (6) holds.

Case 2. I(V)=2k. Then S* must be either in the position k or else in the
position k+1. In the first case we have I(G) =k —1, I[¢(GS*) | =%, and hence
(since V is reduced as written)

IGS9) =1G) + 1 =k =1[¢GSY)].
In the second case, we have similarly }(G) =k, I[¢(GS*)]=k—1, and hence
IGS) =1G)+1=Ek+1>1[¢GSY)].

Thus (6) holds in all cases.
7.5. Given a subgroup U of § in the form U=U[{G},¢(H)], suppose that
{G} is shortest relative to U. Consider an element (cf. 2.3)

M f=ViVy- - Vy ViVia # 1, i=1---,r—1;
Vi1, i1=1----,r

We assert that (cf. 1.3)

@ I(f) Z max [[(Vy), WVs), - - -, UV)].

Proof. The assertion is obvious if r=1. Proceeding by induction, we as-
sume that

(3) l(V1 e Vr..l) = max [l(V;), crey, l(V,-_.1)].

Since each V is written, by our general agreement, in reduced form, cancella-
tions in the product V1V, - - - V, spread from between adjacent factors and
never reach the significant factors of the V’s (see 3.11). Suppose that the
last ¢ factors of V,_; cancel with the first ¢ factors of V.. Since the significant
factors are centered in each V by 7.4, we have the inequalities
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) W(WV,—) = 28, W, = 2.
Obviously

®) WVyee Vo) =Wy - Vi) + UV — 2t
From (3), (4), and (5) we infer that

(6) Ve V) zmax [((Vy), - -+, UV.2)],
(™ Vi Vo) 2 UVer) — 264+ UVy) 2 UVS).

Clearly, (6) and (7) yield (2). . :

7.6. In preparation for an application of the preceding results on shortest
Schreier systems, we insert here some general comments on subgroups U of
§. By assumption, § is given in terms of a finite system of free generators
Sy, Sz, + -+, Sa. Every subgroup of § is again-a free group (see Reidemeister
[1]); incidentally, an independent proof of this fact follows from 3.15, 6.1 of
the present paper. Let then {a}=(oy, - -+, @ ---) and {8} =@, - - -,
Bi, * - +) be any two systems of free generators of the subgroup U. Let 8;()
denote the reduced expression of 8; in terms of the generators . For a given
positive integer m, let a;, - + -, @i be those of the generators « that actually
occur in Bi(e), + + «, Bm(a). Then r=m. This fact is well known. For the con-
venience of the reader, we sketch the proof. Deny the assertion and assume
that ‘

(1) . r < m. .

Let & be the commutator subgroup of Il. For 8;, j=1, - - - , m, we have then
expressions of the form

(2) ﬁi = a‘:{la::z c a::.rfiy fi e 'Qy j = 1) '<°. c,m,

where the exponents a;; are integers (positive, negative, or zero). Now let us
consider the system of equations

(3) a1 + a2+ ¢ -+ 4 AGmim = 0, t=1---,r

From (1) we infer that we have a set of integers xy, - - - , xm, not all zero, that
solve (3). In terms of these integers, we obtain from (2) and (3) a relation of
the form o '

@ BB Ba=IER.
Since By, Bz, - - - are free generators of U, (4) implies that xy=x,= - - - =xn

:=0, a contradiction. . .

7.7. Given Ul and { @} asin 7.6, each a has a length I{e) in terms of the
generators .Sy, Sy, - - -, Sa (see 1.3). Since the number of the generators S of
& is finite by assumption, we have only a finite number of elements f&F whose
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lengths do not exceed an assigned positive integer. Accordingly, we can ar-

range the generators « in a (finite or infinite) sequence ay, * - -, aj, - - - in
such a manner that
(1) o) £ --- Zlaj) S -+ -
We shall then say that the generators o are ordered by length. Let now {B}
=, "+, Bi+ ) be any other system of free generators, ordered by
length, of U. If for every such choice of {8} we have

1(Bi) 2 Ues), i=12--

then we shall say that {a} is a minimal system of free generators for 1. It is of
course not obvious that such a minimal system {a} exists. For the case when
the rank of U is finite, the work of Nielsen [2] yields an existence proof. We
shall give presently a theorem which covers the case of subgroups of infinite
rank and also reveals the relationship between skortest Schreier systems and
minimal systems of gemerators.

7.8. Let U be any subgroup of § (see 7.1). According to Schreier, there ex-
ists then a shortest Schreier system {G} associated with 1 in the sense of
1.2 (see Reidemeister [1]). In terms of this system {G}, we have for Ul a
representation 11=11[{G}, ¢(H)] by 6.1. Let {U} =(Uy, -+, U;---) be
the corresponding system of free generators (see 3.15). By 7.7 we can assume
that the system { U} is ordered by length:

(1 Wy=s---sWU;)=--

We assert that { U} is a minimal system of free generators, in the sense of 7.7.
~ Proof. Let {8} =B, - -+, B; - - -) be any set of free generators for ,

ordered by length: '

(2) IB) =--- 218y =

We have to show that

(3) l(ﬁa) g l(U1)) j = 17 2: Tt .
Let B;(U) denote the reduced expression of 8; in terms of the generators
Uy, U, - - - . Then B,(U) contains at least one U, say U, with an exponent

+1. Hence by 7.5 we have, in view of (1),
181 = WU 2 UUY).

Thus (3) holds for j =1. If the general validity of (3) is denied, then we should
have some positive integer m >1 such that

(4) l(B:) l(U1)’ .7 =1---,m—1,
(%) 1(Bm) < UUm).

Let now Uj - - -, U, denote those of the generators U that occur in
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Bi(D), - -+, Bn(U). We assert that
(6) i]’-_<—_m—1, j=1'-..;f.

Indeed, U;; occurs by assumption, with an exponent *1, in at least one of
Bi(U), - - -, Bu(U), say in 8(U). By 7.5, (5), (2) we have then

W(Um) > 1(Bm) Z 1B = UU;j).

By (1) it follows that 7;<m and (6) is established. Since 2y, - - -, ¢, are dis-
tinct positive integers, (6) implies that » <m, in contradiction with the result
stated in 7.6. Thus (5) is shown to lead to a contradiction, and the proof is
complete.

7.9. If we assume that U is of finite rank, then the preceding result may be
derived from those of Nielsen [2] as follows. Let U=U[{G}, $(H)], where
{G} is shortest relative to I, and let Uy, - - -, Ux, N=p(ll) < «, be the cor-
responding system of free generators for . A simple reasoning shows then
that the property established in 7.4 implies that Uy, - - -, Ux is a reduced
system of generators for 1 in a certain sense defined by Nielsen [2]. On the
other hand, according to Nielsen every reduced system of free generators for
1 is minimal in the sense of 7.7, and the result of 7.8 follows for the case
when p(ll) < ©. As far as we are aware, the connection between shortest
Schreier systems and minimal systems of free generators, revealed by the
theorem 7.8, is new even in the case p(ll) < .
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